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ABSTRACT 


The purpose of the present paper is to define and study D-concurrent vector fields in a Finsler space of five-dimensions. In this 
paper, D-concurrent vector fields of first kind based on D-tensors of first kind in a Finsler space of Five-dimensions have been 
defined and studies. The expressions for h- and v-covariant differentiations of D-tensor of first kind have also been obtained. 
Besides this, the Q-concurrent vector field in a five-dimensional Finsler space based on 'Q-tensor is defined in this paper. 


Furthermore, a curvature tensor "Dina based on D-tensor is also defined, its expression obtained and some properties studied. 
KEYWORDS: D-Concurrence, Curvatures and Five-Dimensional Finsler Space 
INTRODUCTION 


In (1950), Tachibana [12] was the first author, who defined and studied concurrent vector fields in an n-dimensional 
Finsler space. This study was further taken up in (1974) by Matsumoto and Eguchi [3]. In (2004) while studying the 
existence of concurrent vector fields in a Finsler space Rastogi and Dwivedi [5] found that the definition of concurrent 
vector fields given earlier does not hold good, which led them to modify the definition of concurrent vector fields in 
Finsler space F". Recently, Rastogi [6] has defined and studied three kind of D-tensors, in a Finsler space of five- 
dimensions. In (2019) and (2020) Rastogi [7, 8; 9, 10], defined several new concurrent vector fields including D- 


concurrent vector fields in a Finsler space of three and four dimensions. 


Let F’, be a Finsler space of five-dimensions equipped with a fundamental function L (x, y), orthonormal frame 


€q1, ( = 1,2,3,4,5), metric tensor gi and angular metric tensor hj given by [1], [6] 

Sj = 1], + mj mM; + Nay Mj + NE Nay; + NEI Ney (1) 
and 

hj =m, Mj + Nay Ny + NEr Ne; + Ney Ne; (2) 
Where, |, mj, 0), Ny: and ny are five orthonormal vectors, alternatively expressed as ey, €2y, 3), Cay and es). 
The h-covariant derivative eq i of the vector e,) is given as [4], [6] 

&4)/j = Haypy &p) ej (3) 
Where, Hypy are the scalar components of the h-covariant derivative given by (1.2) and are called h-connection scalars and satisfy 


Hypy = - Hp)ey = Hayay = 0 (4) 


Furthermore, using the definition 
Ho)3p py! = hy = hpy ep), Hayop ep} = jj = jp €pjs Hayap epy' = kj = kp ep 

Hs)2p €p3! = 1) = tp pj, Hs)ap €p = 8} = Sp €pyjs Hyap py! = ty = tp ep (5) 
We can obtain on simplification e1)); =I’; = 0, 

en = Mj = Nay hj —Ngy jj — Ney fy, 3), = Nay = Ney kj—m'hj—ng §; 

€4)7j = Nay = M1 jj — Nay kj—Ney &, esq =Nayq = MT; + Nay $+ Ney t (6) 
The v-covariant derivative of these vectors belonging to Miron frame e,) can be given as [7] 

Cui = L" Veypy &py. pj (7) 


Let Vp, be scalar components of the v-covariant derivative given by (7) then Vp, are called v-connection scalars. These 


scalars satisfy 
Vaypy =- Vp jay» Wiypy = Spy — 91p O1y (8) 


Using equation (1.6), we can write 


Vinty = V227 = Vy = Vay4y = Vs5)5y = 0, (9) 
Viy2y = Soy, Vip3y > 53y, Viny = Say, Visy = 85, (10) 
Voy1y = - 82, V2)3y = Qy, Vayty = Ry, W295 = Sy, (it) 
V3y1y = - O39. V3y2y = - Qy, V3)4y = Uy, Vaysy = Vn (12) 
Vayty =~ Say Vayoy = - Ry, Waysy = - Uy, Vaysy = X, (13) 
V5)ty =~ 85y, Vs)2y = - Sy V5)3y =- Vy, Vs yay = - Xp (14) 


Where, we have defined and assumed Q,, Ry, S,, U,, Vy, Xy, as the v-connection vectors. 


Using equation (7), we can obtain 


Leyy =L 14 = m'm, + nay nay + Ng, Ne; + Ng’ Ney =h} (15) 
L en) i =L m'j; =~! mj + Nay! Qi+ Ny): R + Ng), Sj (16) 
L es) = Lng = - I’ nay — m' Q\+ ney Uj + ng) Vj (17) 
L eg) = L ng = - I'ngj —m' Rj—ngy U; +n) Xj (18) 
L es) 4 = Lng) = - I’ nay —m' §\—ngy Vj— ney Xj (19) 





The tensor Cj, in F,, is given by Rastogi [6] as follows: 
L Cie = Cay mj mj My + Cy Mayr Dany Nak + Ce) NE” Nj MEk + Ca) NE Ej DEK 
+ Yajw [Coy mj mj Maye + Cw) Mj Mj NE” + Cg) Mj Mj NE + Cis) Nay Nj Mx 


+ Co Nay Nayj Nk + Cao) Nay Nay; NE) + Car NE” Nj M_ + Car) Ney NE) Na) 


+ C13) Nn Nae Nex + Ca) NE Nj Mx + Cas) NE NEj Bay + Cas) NE Na) DK 

+ Car May NK + May Nj) + Cas) Mi(M~yj NE) + Nk NG)j) 

+ Cas) M; (MQ); NE + Nk NEy) + Cao) Ni(N@j NE + NEk N@y)] (20) 
D-Concurrent Vector Field of First Kind 


In a five-dimensional Finsler space P, there exist D-tensors of three kinds. Let Dir be representing the D-tensor of first 
P ij p g 


kind, which is such that [6] 

"Dix I'=0 and 'Diix gl 'D; =D Nayr (21) 
Then this tensor in F’, can be expressed as 

‘Dix = Day mj Mj MK + Dey Mayr NAY MEK + Dey NE NEY MEK + Ds NE Ey NE 

+a Ds) {mi mj Nay} + De {m; mj Nex} + De {mi mj Nex} 

+ De {ny 2ayj Me} + Deo {Mp1 Mj MEK} + Dao {Mayr Nay NE@x} 

ate Da {ner NQ)j m} + Daz) {ny Nj Nak} + Das) {Ney Nj Ney} 

+ Daa {Ne N3)j mx} + Das) {ney Ng) Nak} + Dae {ner Ne) Nex} 

+ Dan {mina NE + Nak DE) } + Dasy {Mie Nx + NE Ney) } 

+Dasy {Mj Mej Day + NE Day} + Deoy (Naya NE + DE Ney) }H (22) 
Multiplying equation (2.2) by g’“, we obtain on simplification 

'D; = m(Day + Dey + Day + Daa) + Nay (Day + Dey + Daz) + Daisy) 

+ ngy(De) + Do + Dey + Daw) + n@i(Dyy + Day + Day + Das), (23) 
which by virtue of (2.1) leads to 

Day + Dg) + Dan + Daa = 0, Day + Dos) + Daz) + Dass) = 'D, 

De) + Do) + Dey + Daw = 0, Dra) + Day + Duro) + Day = 0. (24) 
Let X'(x), be a vector field in F’, which is expressible as 
X'(x) =qli+ B mi + y ny) +0 Nyy: +0 Ng)» (25) 
where a, B, y, © and @ are scalars. 


Assuming x; =- 3i, from equation (3.5), by virtue of equations (1.5), we can obtain 








a; =- 1, Bj =y hy- Oj, — 9 tj- mM, Y4 = Oj — Y 5;— Bj —NGy, 





05 =B ii -—Y kK -— t-Nne;, Oj =BIt+ ys; + Ot — Ne, (26) 
which leads to 


O09 = - 1, Bro = ¥ ho — © jo — @ Fo, Yo = © ko — @ To — B ho, 


O10 = B jo— 7 ko— @ to, Po = Brot Y So + O to (27) 
Now we shall give 


Def. 2.1.: A vector field X'(x), satisfying x; =- 5i, given by equation (2.5), shall be called a D-concurrent vector field of 


first kind in a Finsler space of five-dimensions FP’, if for a scalar A, it also satisfies 
x! "Dix =X hix (28) 


Using equations (22), (26) a, b and (27), we get 








A hx = mj m {8B Day + y Dos) + 8 Do) + Dey} + Nay Nay {B Dis) + Y Day + © Dey + © Day} 








+ Ny Nex {B Day + ¥ Daz) + © De + @ Dasy} + Nj Nex {B Das + y Das) + 8 Das) + @ Day} 





+ (Mj Nay + Me Nay) {B Ds) + y Des) + O Daz) + © Day} 





+ (Mj Nax+ M_ Ne;) {B De + y Day + 8 Dar + @ Das} 














+ (Mj NeK+ MN) {B Day + y Das + 8 Das +  Das)} 





+ (Nqyj DEk + Nay NE) {B Daz + Y Das) + 8 Daz) + Y Deo} 





+ (NQ) DEK + 1x Ne) {B Das) + Y Deo) + 8 Das) + @ Daw} 














+ (N@j MK + NE May) {B Das) + ¥ Dao + 8 Deo + Das} (29) 
Multiplying equation (29) by g and using equation (2.4), we get on simplification 

1 =(1/4)y'D (30) 
which by virtue of equations (6) and (29) also leads to 

'D (¥r-Ok, + Bh, + S,) + 'D,=0 (31) 
Hence: 


Theorem 2.1.: If X'(x) is a D-concurrent vector field of first kind in a five-dimensional Finsler space F’, the scalar A, is 


given by equation (30) and vector 'D, satisfies equation (31) 


Multiplying equation (29) by mi, Nay, Noy and Ney, respectively, we get 





Am = mg {B Day + y Ds) + 8 Deo) + & Dey} + Na {B Dis + y Des) + 8 Day + @ Daisy} 








+ Nax{B De + ¥ Daz + 8 Day + © Dasy} + Nex {B Day + ¥ Das) + © Daa) + @ Das}, (32) 





A Nak = m.{B Ds + y Da) + 8 Daz + © Dasy} + Dax{B Dy + Y Day + 8 Do) + G Day} 








+ Nex{B Day + Das + © Daz + @ Deoy} + N@{B Dus) + ¥ Duo + O Deo + @ Dasy} (33) 





A Nea =M, {B De + ¥ Daz) + 8 Day + @ Dasy} + NaxtB Day + Y Das) + 8 Daz) +  Deoy} 








+ Nax{B Day + y¥ Daz) + © Dey + © Dasy} + Ne@x{B Das) + ¥ Deo) + © Das) + © Daisy}, (34) 





A Nex = M {B Da + Y Das) + 8 Daa) + Das} + Nayxt{B Das) + Y Daoyt © Deo) + @ Das} 








+ Nea{B Das + y Dao + 8 Das) + @ Das} + N@x{B Daa + y Das) + 8 Das) + @ Day} (35) 


From these equations we can get 











4=B Day t+ 7 De + 8 De + 9 Da = B Dg + Y Day + 8 Dey + © Dao) 











B Day + ¥ Daz) + 8 Dey + @ Das) = B Daa + y Das) + © Daisy + Day (36) 


and 








B Do) + y De + 8 Daz) + @ Das) = B Do + Y Daz) + 8 Dar + @ Das) = 9, 











B Da + ¥ Das) + © Daa + @ Das) = B Daz) + Y Das) + 8 Daz) + & Deo) = 9, 








B Das) + ¥ Dao) + 8 Dao) + @ Das) = B Das) + y Dao) + 8 Das) + @ Das) = 9 (37) 
From equations given in (2.11) b, we can obtain after eliminating scalars B, y, © and @ and some tedious calculation 

E(CF-AG)+H(DE-BF)+I(AB-CD)=0 (38) 
where we have substituted 

A = Dg) Dus) — D*us), B = Day Deo) — Daz) Das), C = Daz) Deo) — Das) Dao» 

D = Day Das) — Das Das), E = Do) Dao) — Day Das), F = Dis) Das) — Dery Dai, 

G = Daz Das =, Das) Do), H = Das) Das) _ D’ 00), I = Das) Daz) = Dag) Deo). (39) 
Hence: 


Theorem 2.2.: If X'(x) is a D-concurrent vector field of first kind in a Finsler space of five-dimensions F’, it satisfies 


equation (38), where coefficients A, B, C, D, E, F, G, H, I are given in terms of coefficients of ‘Dix by equation (39). 
Weakly D-Concurrent Vector Fields 
Multiplying equation (29) by m‘, Nay Ney" and Ney’, respectively, we get 
‘Dy m* = Day m, mj + Dem 1G + Mj NG) + Dom; ne; + Mj NE) + Deay(m; naj + mM, Neg) 
+ De) Nay Nay + Day NE Nj + Das NE Ney + Day(Mayr Nj + Day Ni) 
+ Dasy(ey7 Ne; + Xj NE) + Day (May Ne + Nay NE), (40) 
‘Dyk Na) = Dey Nay Nay + Des) m; m; + Dey(m; ng + Mj Nay) + DeE(May Ne; + N~j Ne») 
+ Day May Ne + 2a NE) + Daz DE NEj + Das) 2G Nj + Da7(m; Nj + Mj Nei) 
+ Das (mj naj + Mj Ng) + DanMe1 ej + 2a Ne), (41) 
‘Dyk Ny = De) Nex ME + Do Mi mj + Deo Nay Maj + Day; ne; + mj Ney) 
+ Daz @ay aj + Nay Ni) + Das\Men NEj + Ej NE) + Das Ney NE, 
+ Dan(mj nj + Mj NG) + Dag(m n@j + Mj NE) + DanMay NE; + Nay Ny) (42) 


and 


1 k 
Dix NG) = De Ney Ne; + Dey Mj Mj; + Dao Nay N@j + Das) NE NE; + Daa(mM; Ne + mj N@)) 
+ Das)(May De; + Nay NE) + DasMe1 Ne; + Ej Nei) + Das)(M; N~; + Mj Ne») 
+ Das ney + Mj Nay) + Dean Mayr 1; + Dj 1Q)i)- (43) 


These equations further give 











jk _ 1 

Di, m m*= D; = Day m+ Ds) Nat + Do Nyt + Dg) Ney, (44) 
j,k _ 21 12 

Dy Nay mM =~ D; = Do mj, + Dey Day + Daz) NE + Day Ney = “Di, (45) 
jk _ 31 13 

Dix Ney mM =~ D; = Do) m+ Day Ne + Day Nay + Dag) ey = ~Di, (46) 
jk _ 41 14 

Dy 03) mM =~ Dj = Day) m, + Dag) Ney + Dag) N@t + Das) Day = “Di, (47) 
j. k_22 

Dyjx Nay Day =~ Dj = Day nay + Dey mj + Dey Ney + Dao) Dey, (48) 
j.. k_ 32 23 

Dix Nay Nay = D; = Do) Nay + Daz) Nay + Daz) m+ Do) NB) = Di, (49) 

D ing*-“p.=D D _ 24 

ijk NB) Nay = i = Vaoy Day + Vas) DE + Das) m+ Do) Nay = Di, (50) 

1 j.. k_33 

Dyjx Ny NG) =~ D; = Dg) 9@1 + Day mj + Daz) Nay + Daz) Dey, (51) 

1 ji, k_ Bn _ 34 

Dix Ney Ne) = Dj = Das) Nay + Das) Ney + Das) m+ Deo) Nay = Di, (52) 

1 j. k_44 

Dix Ney NB) = D,= Dea) Ney + Daa) m+ Das) Nay + Dae) Nay (53) 


Hence: 


Theorem 3.1.: In a five-dimensional Finsler space F’, tensor ‘Dix gives ten vectors out of which four vectors are unique 


and are given by equations (44), (45), (48) and (53) 
Now similar to [7], we shall give following definitions: 


Weakly D-Concurrent Vector Fields of First Kind: A vector field X'(x), in a five-dimensional Finsler space F°, shall be 
called weakly D-concurrent vector field of first kind, if for x; =- 3, and a scalar function 11)(x, y),''D; given by equation 


(44) satisfies 
x' aa = Hay(X y) (54) 


Weakly D-Concurrent Vector Fields of Second Kind. A vector field X'(x), in a five-dimensional Finsler space F’, shall 
be called weakly D-concurrent vector field of second kind, if for x; =- 5, and a scalar function 1g)(x, y),”"D; given by 


equation (48) satisfies 
x ie Dy = Ha)(X, y) (55) 


Weakly D-Concurrent Vector Fields of Third Kind: A vector field X'(x), in a five-dimensional Finsler space F°, shall be 
called weakly D-concurrent vector field of third kind, if for Xx’; =- 5', and a scalar function 11,)(x, y),’°D; given by equation 
(51) satisfies 


X' *D; = Hea) y) (56) 


Weakly D-Concurrent Vector Fields of Fourth Kind: A vector field X'(x), in a five-dimensional Finsler space F’, shall 


be called weakly D-concurrent vector field of fourth kind, if for x’; =- 5, and a scalar function 114)(x, y),““D; given by 


equation (53) satisfies 
x “D; = Wax, y) (57) 


Equations (54), (55), (56) and (57) with the help of equations (25) can be expressed as 














Has, y) =B Day + 7 Ds) + 8 De + & Di, Lar y) = B Dey + ¥ Dey + O Deo + @ Duo), (58) 














Lax, Y) =B Day ty Daz) + 8 De) + @ Das), Max, y) = B Das + y Das) + 8 Das) + Dea. (59) 
Hence: 


Theorem 3.2.: In a five-dimensional Finsler space F, weakly D-concurrent vector fields of first, second, third and fourth 


kind have scalars [)(X, y), [2)(X, Y), Ha(X, y) and LWa)(x, y) satisfying equations (58) and (59). 
Taking h-covariant derivatives of equations (58) and (59) with the help of equation (26) a, we get 


ay = BCD yg — Dos) by + Deo jj + Day tj) + YDoyj + Day bj — Dw kj + Dy §)) 





+ O(D6yj — Day i, + Dey ki + Dey t) + ODay — Day tj — Ds 8; — Dw t) — "Dj (60) 
Lay = B(D¢syj — Dey by + Dey jj + Day) + Y Dey + Dos) hj — Do) kj + Dany §)) 


+ O(Doyj — Des) jj + Dey kj + Daw) t) + (Dey — De 4) — Day 5; — Dy t;) — *D; (61) 





Hey = B(Dary — Daz) hj + De) ji + Das) rj) + y(Dazyj + Dan hj —De) kj + Diz) §)) 





TE O(Dey; = Day Ji + Daz) kj + Das) t)) a e(Da3yj Day Tj Daz) Sj De) t)) *D; (62) 


ayy = B(Da4yj — Dasy bj + Daw jj + De 8) + YDasyj + Das) bj — Daw kj + Dew §)) 





an O(Diasyj _ Daa) ji + Das) kj + Dea) t) 2 (Day; 7 Daa) Tj Das) Sj Dae) t)) aD j (63) 
Which lead to 


Layo = B(Dayo — Do) ho + De jo + Dy to) + YDosy0 + Day ho — Do) ko + Diz So) 





+ O(Deyvo — Day jo + Dos) ko + Dey to) + (Dayo — Day Fo — Dos) 80 — Dw) to), (64) 
Layo = B(Disyo — Dey bo + Dey Jo + Dao) fo) + Y Deyo + Dos) ho — Dey ko + Dain) 80) 


+ O(Deyo — De) jo + Day ko + Dao) to) + P(Doyo — Dg) to — D2) 80 — Dw) to), (65) 





Ueyo = B(Daiyo — Daz) ho + De) jo + Das) to) + YC(Da2y0 + Day ho — Dis) Ko + Daisy So) 





+ O(Deyo — Dany Jo + Daz) ko + Das) to) + P(Dasyo — Day fo — Dazy 80 — De) to), (66) 

Layo = B(Daayo — Das) ho + Dae) jo + Day to) + Y(Dasyo + Daa) ho — Daisy ko + Day So) 

+ O(Du6y0 — Daa) jo + Das) ko + Dea to) + P(Deayo - Daa) to — Daisy 80 — Date) to) (67) 
Hence: 


Theorem 3.3.: In a five-dimensional Finsler space P, weakly D-concurrent vector fields of first, second, third and fourth 


kind have scalars whose h-covariant derivatives satisfy equations (60) and (64). 


Remarks: 


e It can be observed that D-concurrent vector field of first kind in a five-dimensional Finsler space shall give 


weakly D-concurrent vector fields of first, second, third and fourth kind, but the converse is not true in general. 


e Similar to h-covariant derivatives, we can also obtain v-covariant derivatives of scalars defined above. 


TENSOR 'Djjur IN F° 


Taking h-covariant derivative of equation (22) and using equation (6), we can obtain [6] 


1 
Dijon = Agyn MM; My + Ap Day Day Day + An DE DE} NEk + Aw 1) 14) DEK 


an Yaw [Acsyn { mj mj Nat + Aon { mj mj Nek} + Agn { mj mj 3k} 


+ Ah { Ni Da)jj mx} + Ayn { Nayi Daj Na} + Aaoyh {nai Nj N3)k} 


+ Aaty 


+ Aaa) 


+ Aan {m 





+ Aqoyn {m 


h {ni Nj m}+ Aazyh {ni Nj Nay} + Aa3yh {nai NQ)j Nea} 


h {ney N)j mx} + Aasyh {ni N)j Nayk}+ Adon { Ni NB); Ny} 


(yj Nak + Dyk Na) } + Aagyn {min Nek + ND A)k ngy)} 


(Ne); Nk + Nk ng) } + Agoyh {ning Ne)k + Dk Nay) } (4.1) 


Where we have used 





Aaj 
Aaa)j 
Aa3)j 
Aaa) 
Aas)j 


Aaj 





Aanj 


= Duy 
j = Dey 
j= Dey 
= Dey 
= Dany 
= Dey; 


i= Doy 


+ 3(Do hej — Dg bay + Dy bj), Aaj = Dey; + 3M) Hayy — Dey bay + Dao) bey) 

j + 3D ha — Day he + Das) he), Aw = Day — 3Daay hay + Das) hs + Das) hey) 
j + (Day — 2D ebay — Do ha + Da he + 2 Day hay + 2Das) ha; 

~ Day — 2 Damhay + De hay + Dey hej — 2 Dan hay + 2 Das) hay 

(Diy — 2 Dasha — Dey bs — Doo bj — 2 Das) hay + 2 Day hey 


— (Dg) — 2 Doha + Dey be + Dao) h@j — 2 Day hej + 2 Das bys) 





j + (Day — 2Da2)) hj — Dey hej + Dao) he@j + 2 Daz bay + 2 Deoy hej 


i = Day - (De — 2 Das) hj — Dis) bea - Deo) Hj + 2 das) bay — 2 Deo he, 








= Dang + De - 2 Deo)hey - Daz hay + Das) ha + 2D a7) baj + 2Da9) ho; 
= Daa + Day bay - De - 2 Deyhe; + Das) hj 2 Daz hej + 2 Deo) he; 
= Day -De) — 2 Da6y) bj — Day hay — Daz) be — 2 Day hj + 2 Deo) he; 
= Daayj + Dea — 2 Den haj — Das) hay + Das he — 2 Das) hy -2 Day hey 
= Dasyj + De — 2 Dao) bys + Das) bj — Daw hay-2 Daisy byj — 2 Dany hey 


= Daoy + Dea — 2 Dasy)ho@j — Das) hej + Das) hej — 2 Das) hj — 2 Deny bys); 





= Dary — Dos) hey + (Des) — Da hay + (De — Deoyhayj + Daz) he + Das) ho; 


+ Das) bys) + Deo) bya 
Aas) = Dasyj — (Ds) — Das) ha — (De) — Dasa) by — Daz) Dj + (Dy — Dao hay 


— Dasy hey + Deo) hej 








Aas = Dasyy — Daz hy - D7) — Dash — (Do) — Dah — Da — Dash 

+ Das) hay — Deo) hay 

Ago = Deoy + (Dao) — Day) ba — De — Dash — Day hay - (Daz) — Dasy) hej 

— Das) ha + Day) bay (68) 
From equation (4.1), we can obtain by virtue of 'Diinn [= ‘Divo = Qin 

Qik = Ago Mj Mj M + AQ NGyi Nj Dak + A@o NINE) Dx + Ayo Ny NE) NK 

+ Yajio [Ago { mi mj Nay} + Awo { Mm; Mj Nex} + Ago { Mj Mj Ne} 

+ Ago { Mai Mang Mc} + AG { May NG MEK} + Ao {Mai Maj Mex} 

+ Adio {nai Nj my }+ Aa2o {Ni Nj Day} + Aa3yo {ni NQ)j Ney} 

+ Aqayo {ng)i N3)j mx} + Aasyo {ni NG)j Day} + Aaoo {ni N)j Ney} 

+ Aazyo {m(nq)j Nak + Dyk Na) } + Aasyo{m(nq; Nek + DN A)k Ny) } 

+ Acoyo {mj(nQ); Ne)k + Nk Ney) } + Aoyo {ning N3)k + 1k 13)j) }] (69) 


Def. 4.1.: If X'(x) is a vector field satisfying x; =- 3, it shall be called Q-concurrent vector field of first kind in a five- 


dimensional Finsler space F’, if for a scalar u,, it satisfies 
x! Qik = hix (70) 
From equation (28), we can easily obtain equation (70), which shows: 


Theorem 4.1.: If X'(x) is a D-concurrent vector field of first kind in a five-dimensional Finsler space F,, it is also Q- 


concurrent vector field of first kind, such that scalar u satisfies Lp = A, but the converse is not true in general. 


Equation (70) can alternatively be expressed as 








wh = mj mx {B Ago + y Ago + O Awe + © Ago} + Day Day {B Argo + Y Ago + 8 Aw + @ Acoyo} 





+ (2 Dx {B Aano + ¥ Aq2y0 + © Awyo + @ Aci3y0} + 03) DEK LB Adao + Y Aas + O Adon + © Ago} 





+ (Mj Day + M Nj) {B Awyo + Y Ayo + 8 Aano +  Acsyo} 





+ (Mj Nan + MN) {B Awo + Y Adz + 8 Aano +  Acoyo} 














+ (m; Nyk + Mk N3)j) {B Ap ey Aasyo ie) Aagyo @ Aaa} 








+ (n yj Dk + Dk N2)j) {B Aaryo Y Ay + © Aazyo a) Ago} 





+ (12) NG) + NE Nj) {B Aas + ¥ Ago + 8 Aczy0 + © Acoyo} 


+ (13) Daye + 1) Nay) {B Acs + ¥ Ado + © Avo + @ Acsyo} (71) 


Multiplying equation (4.5) by m’, Nay, Ny)! and Ney respectively, we get 








wm, =m {B Ado + Ago + 8 Awo t+ @ Ago} + Day {B Aw + ¥ Ayo + 8 Aazyo +  Acisyo} 


+ nx {B A@o + ¥ Aano + 8 Agi + @ Ago} + 1K {B Amo + ¥ Aas + © Ago + @ Aca}, (72) 








MDa = Mx {B Ago + ¥ Ago + 8 Aciz + @ Acsyo} + Dak {B Awsyo + Y A@o + 8 Awyo + @ Aco} 





+ n{B Aano + y Ae@o + © Aaz0 + @ Agoo} + 1a%K{B Ads + Y Ado + 8 Ago + @ Aasyo}, (73) 








H Nek = Mx {B Awo ty Aan + 8 Adno + @ Aas} + 2a {B Azo + Y Aw + 8 Aaa + @ Ago} 





+ n{B Agno + y Adz + 8 Ayo + @ Aas} + NK{B Ada + Y Ago + 8 Acszyo + @ Ado}, (74) 





UNgx_. = My {B Ago + y Aig + © Ago + @ Agao} + Nay {B Acs + ¥ Aco + 8 Avo + @ Aus} 
+ nay {B Ads + ¥ Ago + 8 Aas + @ Ado} + Nex {B Acao + ¥ Aas + 8 Age + @ Aao}- (75) 


Equations (72) (73) (74) (75) lead to 





B Avsyo + ¥ Avs + 8 Acizy0 + @ Acs) = B Aw + Y Aa + © Adio + @ Aaoyo 





= B Ago +7 Aas + 8 Ado + @ Aaa = B Adz + ¥ A@o + 8 Aca + @ Avoyo 





= B Aas + ¥ Aco + 8 Ago + @ Acs = B Ago + ¥ Ago + 8 Acizi0 + @ Acie = 9. (76) 
Eliminating B, y, ©, and @ from equation (76), we can obtain following determinant 
Aoyo Agyo Aano Aasyo 
Awo  Aano Aavyo Aaso | =9 C1) 


Aco Aas Aas  Acayo 








Aano Ayo Aazyo Agoyo 
Hence: 


Theorem 4.2.: If X'(x) is a Q-concurrent vector field of first kind in a five-dimensional Finsler space F’, its coefficients 


satisfy determinant (77). 


From equations (72) (73) (74) (75), we can also obtain 











= B Ado + ¥ Ago + © Awo + P Ago =B Ago + Aap + © Ago + @ Adon 

= B Ago + ¥ Aaa + 8 Agy + @ Aczy0 = B Ava + Y Aas + 8 Aco + @ Awo (78) 
Multiplying equation (69) by g'*, we get 

'Q@ = mi(Aqyo + Ayo + Adio + Aqajo) + Nayi(A@yo + Ago + Ad2yo + Acsyo) 

+ Nay i(Agy + Awo + Aw + Ade) + Na(Awyo + Ago + Aco + Aqs3yo) (79) 


It is known that 'Q; = 'D,o = (‘D Nay), Which by virtue of equation (6) can be expressed as 


'Q = 'Dy Nay + 'DC- mj; ho + Ny Ko — Ng So) (80) 
Comparing equations (79) and (80), we can obtain 

Aayo + Agyo + Adio + Aaa = - D ho, Agyo + Avsyo + Aq2y0 + Acisjo = 'Do, 

Ago + A@o + Aw + Aco = 'D ko, Ao + Ago + Acoyo + Aqi3yo = - 'D So (81) 
Hence: 


Theorem 4.3.: If X'(x) is a Q-concurrent vector field of first kind in a five-dimensional Finsler space F’, its coefficients 


satisfy equation (81). 
From equation (4.9), we can also obtain 

4 w= B (Agno + Ayo + Aco + Aigo) + ¥ (A@yo + Avsyo + Aaa + Acisjo) 

+ © (AB + Awyo + Ayo + Aso) + @ (Ao + Ago + Acoyo + Ac3yo) (82) 
This, by virtue of (4.12) can be expressed as 

4 w= ‘Do + 'D (-Bho + © ko - 9 80) (83) 
Remark: Equation (81) can easily be obtained from equation (83). 
TENSOR 'Djjur IN F°. 
Taking V-covariant derivative of equation (25) and using equations (15) and (20), we can obtain 

Xie =U Jay +m Jey + nant Jaye + 1) Jaye + 16) Isr (84) 


Where, 





Jay = Oy, —L*(B m, + nay + © ngy + ONG»), Jar = Bir -L(y Q. + OR, + @ S,— a m,), 


Joy = Yr + L"(BQ,— 9 U,- 9 V.+ Ona), Jay = On +L (BR, + 7 U;—@ X, + ang»), 





Js) = On +L (BS, + y V. + OX, + ang»). (85) 


From these equations we can obtain by virtue of equation (32) following relations: 





a//r = L-1(B mr + y n(1)r + 8 n(2)r + 9 nGB)r — a Ir) (86) 


Bir = L{m, (B Cay + y Co + © Coy + @ Cay — @) + nay(B Cis) + ¥ Cg) + © Car + @ Cas) 








+ Nay(B Ce + Caz) + 8 Car + @ Cas) + n@(B Ca + ¥ Cas) + O Cas) + 9 Ca) 
+yQ,+OR,+@S8,} (87) 


Yr = L{m(BCis) + ¥ Cs) + © Caz) + @ Cas) + NayB Ce) + 7 Ca + © Co + @ Cro) - @) 





+ N(B Caz + ¥ Co + 8 Car) + Ceo) + N@(B Cus) + Y Cao) + 8 Ceo) + @ Cusy) 


+@V,-BQ,-0U;} (88) 








On = L {M(B Cw + ¥ Car) + © Car + @ Cas) + nay(B Car + ¥ Co) + © Car + @ Cao) 


+ Nay(B Cay + ¥ Caz) + 8 Cay + @ Cas) - &) + ne(B Cas) + ¥ Cea) + 8 Casy + @ Cay) 





+@ X,-BR,-y U;} (89) 





Om =L' {mB Ca + ¥ Cas) + © Cas) + @ Cas) + Nay(B Cas) + ¥ Cao + © Ceo) + @ Cas)) 








+ N(B Cus) + ¥ Cao) + 8 Cas) + @ Cas) + Ne@(B Cas + ¥ Cas) + 8 Cae + O Ca — a) 
-B S:-y V:- © X;} (90) 


From equations (86) (87) (88) (89) (90) with the help of equations (8) and (9) (10) (11) (12) (13) (14) we can obtain 








Oy = - Lo, Bre = 0, Yr = 0, One I" = 0, Or I’ = 0, (91) 








ay, m' =L" B, Bye m' =L'(B Cay + © Ce) + 9 Ca) — a+ V2y32 + O Van + @ V2)52), 





Ye MM = L'(p Cos) + ¥ Cig) + O Caz) + @ Cas) — B V2)32 - O V3y42 + @ V3)52), 





Oy, m' = L'(B Co + ¥ Caz + 8 Car + @ Cas) — B Vay2 - Y Vay42 + @ Vays2), 





Om m' =L'(B Ca + ¥ Cas) + © Cas) + @ Cua — B V2)52 - Y V3)52 - © Vays), (92) 





Or Dy = i Y> Bae Day = L (B Cos) + y Cig) + O Caz + @ Cag) + ¥ V2933 + © Vo2y43 + @ V2)53), 


Yr Day =L"(B Ce) + ¥ Cay + © Coy + @ Cay - A—B V233 - O V3y43 + @ V3)53), 





Oy Nay = L"(B Caz + ¥ Coy + © Cay + © Cao) — B Vays - y V343 + © Vays), 





Qn Day = L'(p Casy + ¥ Cao) + O Cao) + @ Cas) — B V2)53 - Y W353 — 8 Vays3) (93) 





Oye Ney’ = LO, Bye Ney" = L(B Cw + ¥ Caz) + © Can + @ Cas) + V234 + © Vay44 + © V2)54), 





Vir Dey = L'(B Can + ¥ Coy + 8 Caz) + @ Cao) — B V2y34 - O Vaya + @ V3)5¢), 





Oy Ny) = L'(p Cay +7 Caz) + 8 Cg) + @ Ca3) — & — B Voy44 - Y Vaya + @ Vaysa)s 





Qn DE) = Lp Cas) + ¥ Ceo) + 8 Cas) + @ Cas — B V2y54 - Y W3ys4 — © Vays), (94) 





Oy NG) = L'9, Bye 0G) = L'(B Cy + ¥ Cas) + 8 Cas) + @ Cay — B V2)35 - O V3y45 + @ V3)55), 


Yr 0G) = L'(B Cas) + ¥ Cao) + 8 Cao) + © Cas) — B V2)35 - @ W345 + @ V3)55); 





On Ne) = |e (B Cas) + ¥ Ceo) + 8 Cas) + @ Cas — B Vay45 - Y V3y45 + @ Vayss)s 





Qin 1G) = L'(p Cua) + y Cas) + 8 Cae) + @ Cay — & — B Va)55 - Y V3y55 — © Va4)s5)- (95) 
Hence: 


Theorem 5.1.: In a five-dimensional Finsler space F°, for a vector field X', given by equation (25), its coefficients satisfy 


equations (5.4) a, b, c, d, e. 
Taking V-covariant derivative of equation (22) and using equations (15) (16) (17) (18) (19), we get 
"Dine a Yaw {m; M« ae + Nj Oak db? + Ny) Nk Ty; + Nj 03)k vig + (mj Nay. + My N(1yj) ie 


6 7 8 
+ (Mj Ny + M_ Ny) “Ty + (Mj yk + My, NG) “Ty + (May DE + Nay Ny) “Tir + 


Where, 


9 10 
+ (11) 1G) + Nayk 139) “Tir + (Qj 13)k + 1k 1G) Tir} (96) 


Tic = {(1/3) Daye - LD) Q + Deo Rs + Dey S.J} my + L {yi (Day Q — De Ur — Dey Vo) 
+ nyy(Day R- + Dos) Ur — Dy X) + ngy(Day S; + Dos) Vi + Do) X) — 1(Day m, + Dos) na 
+ Do Ne» + Da Ney)}, (97) 
“Ti. = {(1/3) Daya + L"(De) Q, — Dey Ur — Day V+) } Nay — L"{m(Dg) Q, + De R: + Day S:) 
- Nayi(Deg U, + Dey Ry — Dao) X) — N@i(Deay Vi + Dog) 8 + Dey X1) + 1D Nay + Dog) mM; 
+ Dey Neg + Dao) New}, (98) 
*T, = ((1/3) Dey + L*(Day R, + Daz) U; — Dasy X)} Ney — L'{m(De) R, + Daz Q: + Das) S,) 
+ nyi(Dey U; - Day Q: + Day Vi) - N@i(D ey Xr + Day S$: + Daz V+ 1(Day m, + Daz Day, 
+ Dey gy + Das) Ney) } (99) 
“Ti = {(1/3) Daye + L'(Daa S: + Das) Ve + Daw X:)} ne — L" {Dea S$: + Das) Q + Daw R) 
+ nay (Da Vr- Daa Q + Daisy UY) + DQ (Day) X: — Dasay Rr — Daisy U,) + LD) m, + Dossy Dy 
+ Das) 2a + Day Ney) }, (100) 
°T;, = {(1/3) Dosyr — LL" (De Q, + Daz) Ry + Day S,)} mi + {(1/3) Dey + L’(Dw Q,— Dan U; 
-Dasy V)} nay + {(/3) Date + LD Ry + Deg) Ur — Das) X)} Nan + (1/3) Daye 
+L (Do) S: + Dy Ve + Day X1)} Ney —L (Dos m, + Dig) Nay + Day NQy+ Das) ney) i (101) 
"Ti = {(1/3) Dey — Lay Re + Da) Q + Das) SJ} mi + {/3) Darye + LD Q— Day Ur 
-Dasy V,)} nay + {(/3) Dairy + LD R, + Day Ur— Das) VD} nen + {C/3) Daye 
+L"(Do S: + Day X + Davy Vi} ne —L (Deo m, + Daz) Nay + Day Ne + Dasy Ney) ji (102) 
"Tir = {(1/3) Daye -—L(Daay S$: + Dag) Ry + Das) Q,)} mi + {(1/3) Deroy + L'(D) Qe — Daag V; 
-Das) U,)} May + {C/3) Dasyne + L'a) R, — Day X: + Dag) UD} Men + (1/3) Daye 
+L "(Dy S$: + Das) X: + Dasy Vi)} ne — L(Day m, + Das) Nay + Daisy Ne» + Dera) N@y) i (103) 
§Ti, = {(1/3) Day, - Li’ '(De) Q + Daz) Rr + Deny S)} mi + {(1/3) Deoye - L“(Daz) Ur — Da Q; 
+ Deo) Vr) } Mayr + {C/3) Daayie + L' (De) U, + Daz) Rr — Deo X)} Ney + {C1/3) Deoyr 
+L (Doe) V.+ Daz) X++ Daz) $:)} ne —L(Daz m, + Dey Nay + Daz) Ne» + Deo) Ney) li (104) 
"Tir = ((1/3) Daoyr— LD) Q + Das) Sr + Deo Rx) } mi + {(1/3) Deroy — Las) Vr - Das) Q 
+ Deoy U,) nay + (1/3) Deroy + Lao) Ur — Das) Xr + Day RY} Mea + {(1/3) Dasynr 


+ L' (Dao V+ Dasy 8: + Deo) X1)} Ny - L' Dao) Nay + Das) Ny + Das) mM; + Deny Ney) li (105) 


T;, = {(1/3) Daye —L (Day R, + Das) 8: + Deo) Q,)} mi + {(1/3) Desoyr —L’ (Daisy Ur + Daisy Vz 

— Das) Q)} nay + (1/3) Desyir - LD) Xr — Daisy Rr — Deroy Uz) } Moi + {(1/3) Deroyie 

+L (Das) X;+ Das) S++ Deo) Vi} Man — L (Da) Ne + Das) Ney + Dasy Mm; + Deo) Nays) |i (106) 
Hence: 


Theorem 5.2.: In a five-dimensional Finsler space F°, v- covariant derivative of the tensor ‘Dix given by the equation (22), 


is expressed as in (96), where tensors 'T;,, °T;,,..., /°T;, are given by equations (97), (98),..., (106) respectively. 
Tensor "Diiun INF 
We here define a tensor ‘Dinh as follows: 

"Dich = Cen, { Dine 'D'ic} (107) 
Substituting the value of 'Diix in equation (107), we can obtain on simplification 

"Dich = Cony [mj my {Day ‘Bin + Ds) Bin + De) “Bin + Dy “Bin} 

+ Nj Nak{ De) “Bin + Dg) ‘Bin + Do) “Bin + Dao) “Bin} 

+ (2) N@x{Dey “Bin + Day ‘Bin + Daz) “Bin + Day “Bin} 

+ Nj ney{ Da) “Bin + Daa ‘Bin + Das) Bin + Das) Bin} 

+ (Mj Nay + M NG) {Des Bin + Deg) “Bin + Davy “Bin + Dag) “Bin} 

+ (Mj Ne + M_ na ){Do ‘Bin + Da "Bin + Dan “Bin + Das) “Bin} 

+ (mj 13, + Mx 3) {Di ‘Bin + Daa) “Bin + Dag) "Bin + Das) Bin} 

+ (Nj DEk + DAK Na) {Do “Bin + Daz) "Bin + Daz) ‘Bin + Deo) “Bin} 

+ (12 N3)k + N)k ns) { Das) "Bin + Das) “Bin + Das) ‘Bin + Deo) 'Bin} 

+ (13) Dak + 1)k nay) {Dao) *Bin + Das) “Bin + Das) ‘Bin + Dao) Bin} (108) 
Where, 

‘Bin = Day mj my + Dey (mj Dyn + Mp Ny) + Do) (Mj Ney + Mp NQy) + Dy (Mj NG) + My _1Gyi) 

+ Dat XQ Deh + Dag DB NE + Daz) yi DE + Day Qi) + Dag) Mey NE + Ney 1)i) 

+ DasyMay Ney + Dayn NG)i)> (109) 

“Bin = Dg Day Dan + Dos mj mM, + Dey (Mj Nay + My Ny) + Dey Mayr Neh + DAyh DE)’ 

+ Dao) Mayr Dyn + Bayh Dy) + Daz) DE» Dyn + Das) NG NE) + Dez) (Mj Ney + Mp 11Qy)) 

+ Das) (mj 1G) + My NG) + Deo) Mgr DE + Dh 1Q)i), (110) 

*Bin = Dg) Der Dn + Do mi Mp, + De Nay Nay + Day (mj Neh + My Nei) + Daz) Mayr Neh + Dayh DE’) 


+ Das) My Gyn + DE» Ny) + Das 1G) DG + Daz) Mj Dy + Mp Di) 


+ Dasy (Mj 1B) + Mp 1G)i) + Deo May NE + Dh NE)i)> (111) 

“Bin = Da) Ney DE + De Mm; My, + Dao) Nay Nay + Daisy Ney NEyn + Daa) (Mj; NE + M4 NGy)) 

+ Das) Myr eh + Nayh 1G) + Da) Mer Nh + DEV DG) + Dag) (Mj Ney + Mp NQyi) 

+ Das) (mj Day + Mp Ny) + Deo) Qayr Deh + Dyn NEI), (112) 
Are four symmetric tensors in 1 and h. These tensors with the help of equation (23) give 

‘Bin m" + Bin Nay" + “Bin 1)" + “Bin 1)" = 'D; (113) 


If X'(x) is a D-concurrent vector field of first kind, with the help of equations (28) and (107) we can obtain x 


"Dinh = 0, which also leads to X' 'Dijxiym = "Dank Hence: 


Theorem 6.1.: In a five -dimensional Finsler space F°, a D-concurrent vector field of first kind satisfies X' "Dix = 0 and X' 


1 1 
Dijk = Danja. 
Remarks: 


e  Tensors "Dix and “Dix also satisfy properties similar to 'Diix- 


e Curvature properties related with these tensors may be studied in the subsequent research work. 
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